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ABSTRACT

Isolation levels, such as serializability, define the correctness con-
tract of database systems. As databases migrate to cloud and geo-
distributed deployments and increasingly operate as black-box ser-
vices, isolation can no longer be assumed—it must be verified. Ex-
isting formal definitions of isolation levels were not designed for
efficient checking. Some depend on internal metadata unavailable to
clients; others require expensive state exploration or yield disjoint
checking procedures across isolation levels. No unified theoretical
foundation exists for practical verification.

We present Polygraph, the first theoretical framework explicitly
designed for efficient isolation checking. Polygraph models un-
known dependencies in practice, supports white-box to black-box
settings without assumptions on workloads, and unifies checking
under a single algorithmic paradigm. We prove its equivalence to
prior isolation level definitions and implement checkers that demon-
strate practical and efficient checking across realistic workloads
and configurations.
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1 INTRODUCTION

Isolation levels define the correctness contract of concurrent data-
base systems. They form the foundation of database concurrency
specifications: when a system violates its declared isolation level,
applications may observe inconsistent states, resulting in ill-defined
and potentially unsafe application behavior. These violations are
not theoretical corner cases; they can invalidate safety checks, cor-
rupt financial records, and undermine user trust [13, 20, 22].
Isolation levels inherently trade consistency for performance.
Stronger guarantees typically incur higher coordination cost and
limit scalability. In distributed settings, the CAP theorem [14] fur-
ther constrains what is achievable under failures, forcing systems
to adopt weaker isolation levels in exchange for availability or par-
tition tolerance. As a result, modern deployments routinely operate
under weaker isolation levels with relaxed guarantees [1, 15, 21, 25].
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This shift makes isolation checking essential rather than op-
tional [7, 12, 16, 28]. First, computation increasingly runs in out-
sourced and cloud environments, where databases operate as black
boxes and users cannot directly observe execution. Second, mod-
ern databases rely on distributed replication protocols such as
Paxos [17] and Raft [19] to tolerate failures. These protocols intro-
duce complexity through sophisticated coordination logic, leader
election, log replication, reconfiguration, and corner cases under
partitions. Geo-replication further multiplies configuration param-
eters and failure modes. Third, today’s database systems span mul-
tiple software layers—transaction managers, storage engines, repli-
cation modules, networking stacks, and underlying hypervisors.
Cross-layer interactions may introduce subtle bugs that can violate
isolation without obvious symptoms.

Given this complexity, isolation levels should be validated rather
than trusted. This paper studies isolation level checking: given a
database execution trace, a checker determines whether the trace
satisfies a given isolation level (e.g., serializability). After examining
existing literature, we identified four critical goals for an ideal
isolation checking framework:

o Abstraction: Users should reason about logical transaction
histories, independent of internal concurrency protocols (e.g.,
MVCQ) [8, 11].

o Interpretability: Primitives must clearly explain illegal execu-
tions, mapping real-world anomalies to the formal model.

o Adaptability: The framework must support checking with mini-
mal observable information (e.g., black-box environments) while
gracefully leveraging any available internal scheduling meta-
data. It must also operate correctly under realistic configurations,
including duplicated values [2].

o Unification: Both the formal properties and the checking algo-
rithms should be uniform across major isolation levels.

However, the foundations of isolation levels—their formal
definitions—do not fully support these needs. Table 1 summarizes
how existing frameworks fall short of these combined goals. In
brief, the ANSI definition [5] is incomplete. Adya’s graphs [3]
require internal database state (lacking adaptability). Cerone’s
axioms [8] use abstract relations that are unintuitive and split
algorithms across levels (lacking interpretability and unification).
Crooks’s states [11] incur prohibitive search spaces. (A detailed
comparison is in Appendix A.)

The inability of prior work to satisfy all four properties concur-
rently motivates our design of the Polygraph Framework, a unified
foundation for efficiently checking isolation levels.! Polygraph is
designed with isolation checking as a first-class goal. It enables the

!This paper is a part of Jian Zhang’s doctoral dissertation [27].
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Table 1: Comparison of isolation level frameworks. B/G/W refer to black-/grey-/white-box respectively.

Framework ANSISQL-92 [5] Adya’s [3] Cerone’s [8] Crooks’s [11] ‘ Polygraph (ours)
Setup B w B/G/W B \ B/G/W
Abstraction X v v v v
Interpretability v 4 X 4 v
Adaptability X X v X v
Unification X v X v v

implementation of efficient checkers through definitions that are
operational, configurable, and adaptable to diverse system settings.
Further, the framework exposes concrete structures that explain
observed violations, enabling users to understand isolation failures
rather than only detecting them. At the same time, it captures all
major isolation levels within a unified formal model.

We make three contributions. First, we introduce the polygraph
framework, the first theoretical framework explicitly designed for
efficient isolation checking. Second, we prove its equivalence to
prior formalizations of isolation levels. Third, we demonstrate,
through implemented checkers, that polygraph enables practical
verification across realistic workloads and configurations.

2 THE POLYGRAPH FRAMEWORK FOR
CHARACTERIZING ISOLATION LEVELS

To verify isolation guarantees, we must first formalize the interac-
tions between client applications and the database. We begin by
defining the system model and then introduce the Polygraph Frame-
work to characterize isolation levels by modeling the uncertainty
inherent in observing histories from a black-box perspective.

2.1 System Model

We model a database system as a set of transactions operating on
versioned objects.

Definition 2.1 (Transaction). A transaction T = (M, PO), where
PO is a total order over a finite set of operations M. Operations
include: read(x) — v, write(x,v), delete(x), range(kmin, kmax ),
and iter(kmin, kmax). Unlike range which retrieves all keys in the
left-closed, right-open interval [kmin, kmax), iter may halt early
and retrieve only a partial sequence.

These five operations cover the standard APIs of modern key-
value stores. Explicitly modeling range, delete and iter operations
allows checkers to capture predicate dependencies (essential for
phantoms) often omitted in simpler formalisms.

Definition 2.2 (History & Execution). A history h is a sequence
of committed transactions and their return values. An execution
is a history where all dependencies, including write-write (WW),
write-read (WR), predicate-write-read (PWR), read-write (RW), and
predicate-read-write (PRW), are perfectly known.

In black-box environments, clients observe the history, but the
underlying execution remains hidden.

2.2 Dependency Graphs

To reason about isolation violations, we visualize executions as
graphs. We reformulate Adya’s Direct Serialization Graph (DSG) 3]
for convenience.

Definition 2.3 (Direct Dependency Graph). Given a history h and
version order, a DSG Géirec . (h) = (V,E) for isolation level I consists
of committed transactions V and dependencies E. Edges include:

wr(x) . ww(x) . . rw(x)
T; —— T; (write-read), T; — T; (write-write), ; —— T;

(read-write), T; m Tj (predicate-write-read), and T; m T;

(predicate-read-write, caused by T; altering a key matching T;’s
range query). A complete direct dependency graph involves all
the edge types above, but specific isolation levels may choose to
exclude some types of edges.

While the DSG captures direct interactions, isolation checking
requires reasoning about transitive and implied orderings. We there-
fore define the Canonical Augmented Dependency Graph (CADG),
which extends the DSG with indirect write-dependencies, indirect
anti-dependencies and indirect predicate-anti-dependencies.

Definition 2.4 (Canonical Augmented Dependency Graph).
The CADG Gfmg(h) extends G(lﬁrect(h) by inferring indirect
dependencies. Specifically, it adds indirect write-dependencies
(transitive writes to the same object), and for levels involving
anti-dependencies, e.g., SER, it adds indirect anti-dependencies and
predicate-anti-dependencies whenever a later version is installed
after the version read by a transaction’s read or predicate read.

2.3 Polygraph: Modeling Unknowns

The Polygraph framework bridges the gap between observable his-
tories and hidden executions. It models ambiguity using: known
edges (observable dependencies), Superposition (unknown order-
ings), and Implications (inferred dependencies).

Definition 2.5 (Superposition). A superposition is a tuple of alter-
native possibilities: (possibilitys, ..., possibility,) where exactly
one is true, capturing unknown dependencies.

(1) Type 1 (Read Sources): If a read T, may read from

multiple potential writes Tyy1, ..., Twn, then (T m
wr(x)
T, o, Twn — Tp).
(2) Type 2 (Write Orders): Concurrent transactions T;, Tj writ-
ing the same key must be ordered, leading to (T; yw—(x)—)
ww(x)
T;, T, —— T;).



Definition 2.6 (Implication). Implications are used to infer anti-
dependencies from write-dependencies and read-dependencies.

ww(x) wr(x) rw(x)
(1) Type 1: Tyyj —— T, ATywj — T, = T, —— Tp,.

ww(x)

(2) Type 2: If Ty, alters x’s matches in Ty, Tyj —— Tp; A
pwr(x) prw(x)
TW j — 1y =y — pI-
The polygraph abstraction was previously used by Cobra [23]
for black-box serializability checking. We generalize it to multiple
isolation levels.

Definition 2.7 (Polygraph). A Polygraph G!(V, &, S, I) for iso-
lation level I consists of committed transactions V, known depen-
dencies &, superpositions S, and implications 7.

(1) V read of x by T;, if its write transaction Ty, is known,

Tw ), Ty € &; otherwise, the superposition of all poten-

tial writes is in S.
(2) Vx, V writers Ty, T,yj of the same data object x, add

ww(x) ww(x)
(Tyi —— ij, ij —> Tyi) to S.

(3) VT L()()) T, € & (or potential read in S) and writer

Ty of x, Ty # Ty, add a Type 1 implication to 7. Type 2

implications are added analogously for predicate reads.
While a complete Polygraph incorporates all components, specific
isolation levels may selectively exclude certain edge types or impli-
cations (Section 3).

The notion of compatibility was introduced for black-box
snapshot-isolation checking [16]. We extend this notion to the
Polygraph Framework: a canonical augmented dependency graph
is compatible with a Polygraph if it preserves known dependencies
and satisfies all superpositions and implications.

Definition 2.8 (Compatibility). A CADG wag is compatible with
G if they share vertices V, and Géug
satisfying all superpositions in S and implications in 1.

includes all edges in & while

Intuitively, if you pick one possibility for all the superpositions S
of the Polygraph, you will get a canonical augmented dependency
graph that is compatible with the Polygraph.

Definition 2.9 (Structural Properties of Polygraph). A Polygraph
Glis acyclic (or contains a specific cycle type) if there exists at least
one compatible G(lmg that is acyclic (or contains that cycle).

3 ISOLATION LEVELS

In this section, we will show how to use Polygraph to character-
ize various isolation levels simply by enabling specific types of
dependency edges and implication rules. Table 2 summarizes the
configuration for Serializability (SER) [4, §3.2.3], Repeatable Read
(RR) [4, §3.2.4], Read Committed (RC) [4, §3.2.2], Snapshot Isolation
(SI) [6, 9], and PL-2+ [4, §4.1]. We prove that our Polygraph defi-
nitions of SER, SI, RR, and RC are equivalent to their prior formal
definitions; detailed proofs appear in Appendix C-F.

3.1 Serializability

Serializability (SER) is the strongest isolation level if without real-
time ordering, requiring that the concurrent execution be equivalent

to some serial ordering of transactions. We enable all dependency
edges and enforce all implications in the Polygraph. Consequently,
the absence of cycles guarantees a valid serial ordering. We defer
the full proof of Theorem 3.1 to Appendix C.

THEOREM 3.1 (SERIALIZABILITY). For a history h, Polygraph G (h)
is acyclic & h is serializable.

3.2 Repeatable read

Repeatable read (RR) differs from serializability in that it does not
prevent new items from appearing in a range scan (phantoms). Then,
RR is characterized by disabling Type 2 Implications to exclude
predicate-anti-dependencies. We prove our RR Polygraph GRR (k)
is equivalent to Adya’s PL-2.99 [4] in Appendix E.

THEOREM 3.2 (REPEATABLE READ). GRR(h) is acyclic &= the
history h is repeatable read.

3.3 Snapshot isolation

For snapshot isolation (SI), the node set V maps each transaction
T; to two event nodes [28, 29]: {B;,C;}. The dependency edges E

are instantiated between these events based on their logical tem-

poral semantics (e.g., an anti-dependency dependency T; rw(x) T

()

becomes B; e ', representing that the read snapshot hap-
pened before the overwrite). Table 3 summarizes the complete edge
mapping.

The SI Polygraph G5! transforms GSER by splitting transaction
nodes into Begin/Commit pairs, adding intra-transaction edges
B; — C;, and mapping all known edges, superpositions, and impli-
cations using Table 3.

Definition 3.3 (SI Polygraph). Given a history h, the SI Poly-
graph G51(h) is defined as a transformation of the standard
Polygraph GSER = (VSER ESER gSER [SER) &SI is the tuple
(VSI JEST §SI 1T ) constructed as follows:

(1) Ifany transaction has aborted/intermediate reads(G1a/G1b),
the h is invalid for SI Polygraph and the construction stops.

(2) Nodes (VST): For every transaction T; € VSER create two
nodes B; (Begin) and C; (Commit).

(3) Edges (EST): (1) Add the intra-transaction edge B; — C;
for all T;; (2) Map every dependency edge in ESER to its
corresponding SI edge according to Table 3.

(4) Superpositions (SST): Apply the mapping from Table 3 to
all edges within the superpositions in SSER. For example, a
Type 1 superposition transforms from (Tyy; — T, ... ) to:
(Cw1 = Br,Cywz2 — By, -+ ,Cyyn — By) € Ssy.

(5) Implications (I5T): Apply the mapping to all implications
in ISR For example, the standard Type 1 implication:

wr(x) ww(x) rw(x) .
Tw — T ATy — Ty = T, —— T in

SER . . . . wr(x)
I transforms into the SI implication: C,, —— B, A

ww(x) rwi(x)
Cw—’Bk Ead Br—>Ck € Isr

Snapshot isolation is characterized by the theorem below. Its
proof is deferred to Appendix D.

THEOREM 3.4. Given a history h, its SI Polygraph GS (k) is acyclic
& hisSL



Table 2: Polygraph configuration for isolation levels

Isolation Level Node Granularity (V) Graph Edges Monitored (E) | Implications Active (I) | Proscribes
SER {T;} All (wr, ww, rw, pwr, prw) All (Type 1 & 2) Any cycle

RR {T;} Excludes prw Excludes Type 2 (prw) | Any cycle

RC {T;} Excludes rw, prw None (I = 0) Any cycle

All deps.
SI {Bi,Ci} + intra-txn dependencies All (Type 1 & 2) Any cycle
Cycles with

PL-2+ {T;} All (wr, ww, rw, pwr, prw) All (Type 1 & 2) 0/1 anti edges

Table 3: Transformation mapping: standard Polygraph — SI
Polygraph

Dependency Standard Edge | SI Mapped Edge

Write-Read i L(X)> 5 Ci — Bj
ww(x)

Write-Write I, —T; Ci — B;

Read-Write T, 2%, 7, Bi > C;
pwr(x)

Pred. Read i —— T Ci — Bj
prw(x)

Pred. Anti-Dep T, —T; B;i — C;

Table 4: Lines of code (LOC) for each checker.

Checker Total LOC
Strict serializability 245
Serializability 241
Repeatable read 249
Snapshot isolation 285
Read committed 238
PL-2+ 265

Table 5: Verification runtime across databases, isolation lev-
els, and benchmarks.

Isolation Database #Txns Benchmark Runtime
SSER Tapir [26] 13.2K BlindW-T 1.12s
SER PostgreSQL 15.2 [21] 10.1K BlindW-C 4.5s
SI TiKV 7.6.0 [24] 10K RandomBench 365.47s
RR MySQL 9.5.0 [1] 10K BlindW 2.15s
PL-2+ Port [18] 0.9K BlindW-E 0.12s
RC PostgreSQL 15.2 [21] 10.1K BlindW-C 3.03s

4 EVALUATION

In this section, we evaluate the Polygraph Framework along two
dimensions: (1) its unification when implementing checkers of
different isolation levels; (2) its adaptability of checking different
configurations.

Setup. All the experiments are run on a desktop with a 12-core
AMD Ryzen 5900, 64GB memory and Ubuntu 20.04.

4.1 Unified Checking Paradigm

We evaluate unification by building a verification tool for six iso-
lation levels (RC [4], SER [4], SSER [26], RR [4], SI, and PL-2+ [4])
and measuring implementation complexity (Lines of Code, LOC).

Shared Infrastructure vs. Specific Logic. The tool totals 14K
LOC. Over 98% is a one-time investment in shared infrastructure
(trace parsing, graph construction, pruning strategies, and SMT
encoding).

Specific checkers require just 238-285 LOC (under 2%), confirm-
ing that isolation levels only need modular constraint toggles rather
than disparate algorithms:

e RC, RR, SER: Similar LOC (238-249) as weaker levels
merely disable specific dependency edges.

o SSER, SI: Slightly larger (245, 285) to handle real-time order
or node splitting (Section 3.3), keeping the core acyclicity
logic identical.

e PL-2+: Needs 265 LOC to encode its specific cycle-
prevention constraint.

In summary, Polygraph supports diverse isolation levels with
negligible engineering effort by modularly configuring edges and
constraints. Checking a new level simply requires updating the SMT
encoding, disabling edge types or adjusting the node granularity.

4.2 Checking Diverse Workloads and Setups

We evaluate practicality by checking six isolation levels across five
databases.

Benchmarks. We employed two benchmark categories. First,
BlindW variants (BlindW-T [26], BlindW-C [10], BlindW-E [18]
from prior work and our own) consist of blind writes with unique
values. While read-dependencies are known, the massive unknown
write-write order forces the solver to infer a valid version history.

Second, we developed RandomBench to include all the oper-
ations that we support, especially including range queries, true
deletions, and iterators with non-unique values. This further maxi-
mizes Type 1 superpositions compared to BlindW variants, where
read-dependencies are highly ambiguous. This benchmark repre-
sents the most challenging task that no prior black-box checker
supports. Each transaction has 8 operations.

Results. Table 5 summarizes performance across five databases.
Polygraph successfully verified black-box traces by resolving the
resulting superpositions. Notably, it verified SI on TiKV using
RandomBench, breaking prior checkers’ impractical assumptions.
While verification time increases due to high ambiguity in range
queries and iterators, it confirms Polygraph’s capability to verify
complex anomalies strictly from client-observed values. When ad-
ditional metadata (e.g., real-time ordering) is available, Polygraph
automatically promotes superpositions into known edges, signifi-
cantly accelerating verification (see Appendix B for details).
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A DETAILED RELATED WORK

As discussed in Section 1, existing frameworks fall short of concur-
rently satisfying the abstraction, interpretability, adaptability, and
unification goals for practical isolation checking.

ANSI SQL-92 [5] is fundamentally incomplete and lacks a uni-
fied abstraction. Adya’s graph-based framework [3] is highly in-
terpretable but relies on internal metadata (e.g., version orders),
severely limiting its adaptability in black-box cloud settings [12, 28].
Cerone’s axiomatic framework [8] (and its extensions [7]) offers
adaptability but defines correctness existentially by searching for
abstract visibility and arbitration relations. This makes it unintu-
itive to map forbidden patterns to concrete anomalies. Moreover,
its reliance on disjoint algorithms for weak versus strong isola-
tion models fails the unification goal. Finally, Crooks’s state-based
framework [11] abstracts away internal artifacts but incurs a compu-
tationally prohibitive search space involving both state transitions
and transaction orderings, and lacks adaptability to leverage known
internal metadata.

B DETAILED EVALUATION: ADAPTABILITY
TO ADDITIONAL INFORMATION

When richer information is available, Polygraph verifies more ef-
ficiently. For instance, Tapir’s SSER implies a real-time ordering,
acting as a proxy for a grey-box setup. Polygraph automatically
promoted ambiguous superpositions into known edges, shrinking
the search space and verifying 13.2K transactions in 1.12 seconds—
over 4x faster than PostgreSQL’s black-box serializability check
(4.5s). This confirms the framework adaptively digests available
metadata. It is also compatible with external techniques (e.g., CDC)
that recover version orders. (Note: Port traces failing PL-2+ check-
ing does not necessarily indicate bugs, as Port’s exact guarantees
relative to PL-2+ remain unverified).

C SERIALIZABILITY

ProoF OF THEOREM 3.1. (=) We prove if Polygraph G(h) is
acyclic, then h is serializable. By Definition 2.9, Polygraph is acyclic
implies there exists an acyclic canonical augmented dependency
graph Gfmg(h) that is compatible with G(h). By removing the
indirect write-dependency and indirect anti-dependency edges,
we can get a direct dependency graph. Removing edges will not
introduce cycles and hence the induced direct dependency graph
is still acyclic. By Adya’s serializability definition [4], then A is
serializable.

(&) We prove if h is serializable, then the Polygraph G(h)
is acyclic. If h is serializable, then there exists an execution s
of transactions such that s’s direct dependency graph DSG(h)
is acyclic. The execution s defines all the direct dependencies
WW /WR/RW /PWR/PRW. Please note that if any dependency is
known in A, then it must be included in WW /WR/RW /PWR/PRW.
We can build its canonical augmented dependency graph Géug(h)
by adding all the indirect write-dependencies, anti-dependencies
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and predicate-anti-dependencies edges to DSG(h) as defined
in Definition 2.4. Please note the added edges do not affect the
reachability of DSG(h) because it just further connects indirectly-
reachable nodes, which means Géug(h) is still acyclic. Below, we
prove thmg(h) is compatible with A’s Polygraph G (h). Therefore,
G (h) is acyclic.

The proof that G

aug

is compatible with h’s Polygraph G:

(1) Gfmg, DSG, G share the same vertex set;

(2) Y known dependency edge edge € G, edge is included in
the execution e and DSG by Definition 2.2. The process of
contructing G(lmgfrom DSG does not remove any edge in

DSG and hence edge still exists in Gé

ug>
(3) V superposition of type 1 (read dependencies) (T m
wr(x) wr(x)
T, Ty —— Ty, -+, Thyyn —— T,,) € S, 31 < i < nsuch
wr(x) wr(x)

that Ty —— T, € DSGand V1 < j < n, j # i, Tyj —
T, ¢ DSG because (a) By Definition 2.3, T, is known to read
from its unique write transaction, say T,,; (b) T,, must be out
of Tyy1, Tawo, * + -, Tyyn because Tyyq, Toyo, - -+, Toyn contains all
the possible candidate write transactions of the read T,.
That’s to say, this superposition holds in DSG. Recall that
we do not add any read-dependency edge to Géu 4 when we
construct it from DSG, so the superposition still holds in
Géug;
ww(x)
(4) V superposition of type 2 (write dependencies) (T; ——
ww(x)
T, T b Ty €S,
(@) case (a) T; and T; are consecutive in the write order

of x. Then either T; m Tj € DSG or Tj M T;

ww(x)

€ DSG, say T; —— T; € DSG without loss of gen-
erality. The construction process of Gfmg will keep

' ww(x) . 1 1 . .
T; — Tj in Ggyy. Recall that Gg,, is acyclic, then

ww(x) ! .
Tj —— Ti ¢ Ggyg- Therefore, the superposition
ww(x) ww(x) . 1
(T; Tj, T; T;) holds in Gaug;

(b) case (b) T; and T; are not adjacent in the write order of
x. But either T; is before Tj or T is before T; in the write
order of x. Assume T; is before T; in the write order of

ww(x) ww(x)
x. Even though both ; —— Tj and T} —— T; are
not in DSG, the indirect write-dependency T; m

T; will be added to G[lmg when we construct wag from

the DSG. Recall that Glaug is acyclic, then G‘lmg does

not have the edge T; M T;. Therefore, the super-

. ww(x) ww(x) . I
position (I; —— Tj, T; — T;) holds in Gg,,4;
(5) V implication T, m Toyi A Toyj lvr—(x)e T, =T, LW—(XL
Twi €1,
(@) if Ty is the immediate next version of x after T,,; and
wr(x) . rw(x)
T.j — Ty in DSG, then the edge T, —— Ty;
rw(x)

exists in DSG by Definition 2.3. T, —— T,,; also

exists in GL,, by construction, then the implication

aug
holds;
(b) if T,y; is the immediate next version of x after T,; and
wr(x) ww(x)

T\yj — Ty in DSG, then the condition T,,; ——

Tyi A Toyj L(X)> T, is not met in both DSG and Géug,
and hence the implication always holds in G,lmg;

(c) Tyj is before T,y; in the write order of x but they are

. wr(x) . .
not consecutive, and T, j — Ty in DSG. Since we

added indirect anti-dependencies to Géug as defined by

r
the rule 3 in Definition 2.4, then T, —‘X(—Xl» Twi € G(lmg,

1
aug*
(d) T is before T,y; in the write order of x but T,,; is not
. . . wr(x)
the immediate next write of x after T,;, and Tr,j ——

which means the implication holds in G

T, in DSG. Then the condition Ty, A

wr(x) . . I
T.yj — T is not met in both DSG and Ggyg,

the implication always holds ;
The proof for predicate-anti-dependencies implications is
similar and hence is omitted.
Therefore, G is acyclic.

and

D SNAPSHOT ISOLATION

In this section, we show that the Polygraph Framework character-
izes Adya’s snapshot isolation definition [3, 4].

Zhang et al. [29, Definition 6] introduced BC-graph. We therefore
define SI canonical augmented dependency graph as its augmenta-
tion and establish the following lemma before proving Theorem 3.4.

Definition D.1 (SI canonical augmented dependency graph). Given
a history h together with its dependencies and a time-precedes
order <; over begin/commit events, an SI canonical augmented
dependency graph G is constructed as follows.

T;, T; are any two transactions and x is any data object or key in
the database.

(1) Construct the BC-graph as specified in [29, Definition 6] first;
(2) Augment the BC-graph with additional edges, provided they do
not already exist, as follows:
(@) T;, Tj write x, and T;’s version is after T;’s version in the

version order, add C; W—“](f)—) Bj.

(b) T; reads a version of x and T; writes a later version of x add

rw(x)
B — Cj.

(c) If T, has a predicate read of x and T, installs a later version
of x that changes the matches of that predicate read, add

prw(x)
r— Lw.

LEmMA D.2. Given a history h, its SI canonical augmented depen-
dency graph shares the same reachability as its BC-graph, i.e., for
any nodes v, v}, if there is a path from v; to vj in the SI canonical
augmented dependency graph, there is also a path from v; tovj in
BC-graph, and vice versa.



PrROOF. Let’s use BCGSfrect(h) and BCGgig(h) to denote the
BC-graph and SI canonical augmented dependency graph respec-
tively. Recall that BCGng (h) is constructed based on BCGZ{rect (h)
by adding extra edges, so it is trivial that for any nodes v;,vj, i

there is a path from v; to v; in BCG3!  (h), there is also a path

direct
from v; to v in BCGglIlg(h) .

Next, we establish the direction from SI canonical augmented
dependency graph to BC-graph by demonstrating that the newly
added edges of BCGﬁ{lg(h) strictly connect nodes that are already
reachable in the BC-graph BCGSL  (h).

ww(x)

direct
(1) Consider an added edge C; — Bj. It indicates that both T;
and T; write x, and that T; installs a newer version by construc-

i ww(x) ww(x) ww(x) .
tion. Let Ty T, e T, denote the write
total order of x in the direct dependency graph Ggfrlzc ;(h). Then,

ww(x)

by construction, BCGZfrec ,(h) contains edges Cy —— By

for every 1 < k < n — 1. Combined with the intra-transaction

ww(x) ww(x)
edges, these edges form a path C; —— Bjy1 — Cipyp ——
ww(x)

-+ —— B; in BCGS!  (h).

direct
rw(x)

(2) Consider an added edge B; — Cj. It indicates that T; reads
a version of x and T; writes a later version by construction.
Let T; denote the transaction that installs the immediate next
version of x after the version read by T;. Then, by construction,

BCGsl(rec ;(h) contains an anti-dependency edge B; L(X)> Cr.
Similar to reasoning in Case 1, there is also a path with only

write-dependency and intra-txn edges from Cy to B; in the BC-

graph. Combine the edge B; L(X)> Cy., the path from Cy to B;
and the intra-txn edge B; — Cj, then we have found a path B;
~» Cjin BCGS! (h).

prw(x)

(3) Consider an added edge B; —— Cj. It indicates that T; has
a predicate read of x and that T; installs a later version that
changes the matches of that predicate read. Let Ty denote the
first transaction after the version observed by T; that installs a
version changing the matches of that predicate read. Such a trans-
action exists because T; changes the matches, and T precedes
or equals T; in the version order. By construction of the direct
graph, Bccgl{rect

edge B; m Cp.. Similar to Case 1, there is a path with only

write-dependency and intra-transaction edges from Cy to B;.
Combining these edges with the intra-transaction edge B; — C;
yields a path from B; to Cj in BCGSL  (h).

direct

(h) contains the predicate-anti-dependency

]
Finally, we prove Theorem 3.4.

Proor. “="” The SI Polygraph exists, so the required validity
conditions are enforced by construction and the history h is valid
for constructing SI canonical augmented dependency graph and
BC-graph. On the other hand, The SI Polygraph G5! (h) is acyclic =
there exists an acyclic SI canonical augmented dependency graph

BCGSL 4(h) that is compatible with SI Polygraph G51(h). By remov-
ing the indirect write-dependency, anti-dependency, and predicate-
anti-dependency edges, we can get a partial BC-graph BC Gggrec L (h).
By Lemma D.2, the induced BC-graph is still acyclic. Please note
that we call it a partial BC-graph because, even though it contains
all direct write-dependencies, read-dependencies, predicate-read-
dependencies, anti-dependencies, and predicate-anti-dependencies,
it does not have start-dependency edges. Then we topologically sort
BC Gﬁ{rsc ,(h) and get a total order of the begin/commit events, say $.
Let § be the time-precedes order, then we can add start-dependency

edges to BCGZIA (h) according to § and obtain a complete BC-
irect
graph BCGS!  (h). BCG3!

direct direct
say e, of h because it contains all the dependencies now. All the
added edges respect the order § and hence will not introduce cycles
to BCGsl{rect(h). Hence, the BC-graph BCG;,II.reCt(h) is still acyclic.
By [29, Theorem 8], the history & is Adya SL
“<"1If h is SI, then Gla/G1b is proscribed naturally by Adya’s
definition and hence the SI Polygraph G°! (h) exists. On the other
hand, h is SI = there exists a time-precedes order <;, and all the
dependencies such that the BC-graph BCGgfreC ,(h) exists and is
acyclic by [29, Theorem 8]. Then we can build its SI canonical aug-

mented dependency graph BCGg{,g(h) as defined in Definition D.1.
By Lemma D.2, BCG%g(h) is still acyclic. The BCGg{tg(h) is com-
patible with A’s SI Polygraph G (h) (The compatibility proof is
similar to that of serializability and is omitted here). Therefore, the
SI Polygraph G (h) exists and is acyclic. O

(h) already defines an execution,

E REPEATABLE READ

Definition E.1 (direct RR graph). A direct RR graph is the same as
the direct dependency graph (Definition 2.3) except that it excludes
predicate-anti-dependency edges.

Definition E.2 (RR canonical augmented dependency graph). A

RR canonical augmented dependency graph Ggﬁg

the canonical augmented dependency graph G§5§ (Definition 2.4)

except that it excludes predicate-anti-dependency edges.

is the same as

Proof of Theorem 3.2:

ProoOF. (=) We show that if RR Polygraph G (h) is acyclic, then h
satisfies repeatable read. By Definition 2.9, RR Polygraph is acyclic
= there exists an acyclic RR canonical augmented dependency
graph G that is compatible with RR Polygraph G (h). By removing
the indirect write-dependency and anti-dependency edges, we can
get a direct dependency graph. Removing edges will not introduce
cycles and hence the induced direct dependency graph is still acyclic.
By Adya’s definition of repeatable read, h satisfies repeatable read.

(&) We show that if h satisfies repeatable read, then the RR
Polygraph G(h) is acyclic. If h satisfies repeatable read, then there
exists an execution whose WW, WR, RW, and PWR dependencies
form an acyclic direct RR graph DRRG (h). Then we can build its RR
canonical augmented dependency graph BRRG (h) by adding all the
possible indirect write-dependencies and anti-dependencies edges
to DRRG(h) as defined in Definition E.2. Please note the added
edges do not affect the reachability of DRRG(h) because they only
further connect indirectly reachable nodes, which means BRRG(h)
is still acyclic. The BRRG(h) is compatible with h’s RR Polygraph



G (h). Its proof is similar to the compatibility proof in Appendix C
and is omitted. Therefore, G (h) is acyclic. o

F READ COMMITTED

Read committed (RC) is a weaker model that allows fuzzy reads
and allows phantoms. We model RC by further relaxing the con-
straints by excluding both anti-dependencies and predicate-anti-
dependencies. Consequently, the set of Implications is empty (I = 0).
We prove the theorem in Appendix F.

THEOREM F.1 (READ coMMITTED). GRC (h) is acyclic &= h is
read committed.

Definition F.2 (direct RC graph). A direct RC graph is the same
as the complete direct dependency graph (Definition 2.3) except
direct RC graph excludes all anti-dependency and predicate-anti-
dependency edges.

Definition F.3 (RC canonical augmented dependency graph). A

RC canonical augmented dependency graph foucg is the same as

the canonical augmented dependency graph Ggféz (Definition 2.4)
except RC canonical augmented dependency graph excludes all

anti-dependencies and predicate-anti-dependencies.

Proof of Theorem F.1:

Proor. (=) We will show if RC Polygraph G(h) is acyclic, then
h is read committed. By Definition 2.9, RC Polygraph is acyclic =
there exists an acyclic RC canonical augmented dependency graph
G that is compatible with RC Polygraph G(h). By removing the
indirect write-dependency edges, we can get a direct dependency
graph. Removing edges will not introduce cycles and hence the
induced direct dependency graph is still acyclic. By Adya’s read
committed definition, then 4 is read committed.

(<) We will show if h is read committed, then the RC Polygraph
G (h) is acyclic. h is read committed = there exists WW, WR and
PWR such that the direct dependency graph DRCG(h) is acyclic.
Then we can build its RC canonical augmented dependency graph
BRCG(h) by adding all the possible indirect write-dependencies
edges to DRCG(h) as defined in Definition F.3. Please note the
added edges do not affect the reachability of DRCG(h) because
they only further connect indirectly reachable nodes, which means
BRCG(h) is still acyclic. The BRCG(h) is compatible with h’s RC
Polygraph G (h). Its proof is similar to the compatibility proof in
Appendix C and is omitted. (Recall 7 is empty for RC Polygraph.)
Therefore, G(h) is acyclic. O
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